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A two-mass dynamic model of an electric vehicle is considered to obtain analytical dependences describing
the gearshift process in a shaft-planetary gearbox. The calculations are based on the optimal diagram of
shifting gears from low to high without interruption of the power flow from the electric motor. At the stage
of gear shifting, at which the kinematic gear ratio of the gearbox changes from u, to u,, Lagrange equations
of the second kind are used to determine the time dependences of angular velocities of the input and output
shafts of gearbox. An example is given for calculating the gearshift time from low gear to high one for
the MAZ-4381FEE delivery electric truck, as well as a refined calculation for a multi-mass dynamic scheme

is carried out.
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Introduction. To date, a significant number of elec-
tric vehicles produced either do not contain gearboxes or
contain single-speed gearboxes. The use of multi-speed
gearboxes in power units can significantly increase
the energy efficiency of electric vehicles [1-3].

In urban conditions, the movement of an elec-
tric vehicle at a constant speed is 15-25 % of
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the operating time. Accelerated movement (accele-
ration) accounts for 30-45 % of the time [4].
In this paper, the process of shifting gears from
low to high in a two-speed gearbox is investigated
during acceleration of the electric vehicle. A ty-
pical traction characteristic of such a vehicle is
shown in Figure 1.
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Figure 1 — Traction characteristics of an electric vehicle
with two-speed gearbox

The curved part of the traction characteristic is
described by a hyperbolic function and is a section of
constant power. In Figure 1, the values of the speeds
V1> V, correspond to the nominal values of the trac-
tion forces (at the rated power of the electric motor)
on the Ist and 2nd gears.

Figure 2 shows the acceleration graph of an elec-
tric vehicle corresponding to the traction characteris-
tic shown above.

Graphs of acceleration time and starting distance
make it possible to estimate the acceleration capabi-
lity of the designed electric vehicle, as well as, taking
into account the efficiency maps of the electric motor,
to calculate the energy consumed by traction batteries.

The article [5] presents analytical and numerical
methods for calculating the traction and speed charac-
teristics of mobile machines with electromechanical
power units containing traction motors with hyper-
bolic mechanical characteristic and single-speed
gearboxes.

When calculating the acceleration time and start-
ing distance of electric vehicles with multi-speed gear-
boxes, it is necessary to take into account the gearshift
time, which significantly depends on the shifting pro-
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Figure 2 — Acceleration graph of the electric vehicle
with two-speed gearbox

0

cess itself in the power unit [6-9]. The gearshift pro-
cess can be carried out both with an interruption of the
power flow and without an interruption.

Analytical calculation method for a two-mass
dynamic model. In modern automated gearboxes,
gear shifting occurs without interruption of the power
flow. In this paper, the gear shifting process from low
to high is considered by the example of a shaft-plane-
tary gearbox scheme. Figure 3 shows the two-mass
dynamic model of an electric vehicle power unit with
such a gearbox.

The assumed simplified dynamic model of the car
does not take into account the elastic properties of
the transmission.

The process of gear shifting with optimal overlap
can be represented in the form of a diagram (Figure 4).
At the same time, it is assumed that there is no power cir-
culation in the circuit of the shifted gears, shifting occurs
with minimal slipping losses in the friction clutch and
minimal dynamic loads in the transmission.

The gear shifting process is divided into two stages.
The first stage continues from the time of the start of en-
gagement ¢ = 0 (see Figure 4) of the friction clutch FC,
to the moment # = #,, at which the torque transmitted by it
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Figure 3 — Diagram of the dynamic model of the power unit of an electric vehicle with a two-speed shaft-planetary gearbox:
FC,, FC, — friction clutches of the 1st and 2nd gears, respectively; M,,, ®,, — torque and angular velocity of the electric motor shaft;
I,,— moment of inertia of the electric motor rotor; M,, /, — moment of resistance to movement and moment of inertia of the translationally moving
mass and wheels of the electric vehicle, reduced to the output shaft of the gearbox; @, — angular velocity of the output shaft of the gearbox;
u,, U, — gear ratios of the gearbox in 1st and 2nd gears, respectively; | — gear ratio of single reduction gear z,-z, with fixed axles
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Figure 4 — Optimal diagram of the gear shift of the electric
vehicle gearbox from the low u, to the high u, without interrupting
the power flow from the electric motor

reaches the value necessary to overcome the moment
of resistance M..

The moment of friction M,(t) in the friction clutch
FC, is assumed to increase in proportion to the time t:

k,t with 0<t<t,,

Iy M

with

Mfz(t) ={

f max 121,

where k, = const is the rate of the friction clutch en-
gagement; t, = M /k, is the time of increase of
the moment of friction from zero to the maximum
value; M, . is the maximum moment of friction in the
friction clutches, assumed to be the same for FC, and
FC, and determined by the most loaded clutch FC,

when working in first gear by equation
M =My, Bik,nm,., (2)

where M,,,, is the rated torque developed by the electric
motor; B is the friction clutch safety factor with a static
coefficient of friction; k, = z,,/Z , is the kinematic parame-
ter of the second planetary gear set of the gearbox; z,,, 7,
are the numbers of teeth of the crown and sun gears of the
second planetary gear set of the gearbox, respectively; n;
is the single-reduction gear efficiency; 1, is the first gear
efficiency.

The actual moment m,, transmitted by the friction
clutch FC, during this period of time decreases from
the value of my,, = M k,/u, with t =0 to zero with t=t,
according to the linear law [6]. The engine torque in-
creases from the value M, = M /(iumn,) witht=10
to the value M, = M /(iu,nmn,) with t = t, according
to the linear law, too. When shifting gears from low
to high, the disengagement rate of the friction clutch
FC, is set so that in the time interval (1, ...) the actual
moment of friction m,; remains less than the limit
value M;, (see Figure 4).

At the end of the first stage, the torque of the elec-
tric motor corresponds to the operation of the gearbox
in the 2nd gear, and the angular speed of rotation of
the output shaft of the gearbox is in the 1st gear.

The second stage is associated with the disen-
gagement of the friction clutch FC, (M,, = 0) with
t = t,. At the same time, there will be no reduction in

fmax
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the electric vehicle speed, since the M|, torque deve-
loped by the friction clutch is sufficient to overcome
the resistance to movement when working in 2nd gear.

The value of the moment M, at t = t; is deter-
mined from the expression

ki, M
Pk +k, ou,

T

where k, =7,,/z,, is the kinematic parameter of the 1st
planetary gear set of the gearbox.
The optimal overlap time t, is calculated by
the formula
t = M., _ klkz . M,

Stk otk uk, 3)

=
ku

The moment M, of the resistance to the electric
vehicle movement, reduced to the output shaft of

the gearbox, is determined from the expression
F +F)r
M — ( rd a) w’ (4)
umain nmain

where F, is the road resistance force, N; F, is the air
resistance force, N; 7, is the car wheel radius, m;
U,,..;r 1S the gear ratio of the main gear; 1, is the main
gear efficiency.

After substituting the expressions for F, and F,
in (4), we get [4]

i k EV?
v :[(fcosoc+smoc)mvg+ E ]rW’ )

T

umainnmain
where m, is the gross vehicle weight, kg; g = 9.81 is
the gravitational acceleration, m/s?; fis the coefficient
of rolling resistance; a is the angle of the road slope;
k, is the coefficient of air resistance, N-s’/m*; F_ is
the frontal area of the vehicle, m? V is the vehicle
speed, m/s.
After substituting (5) into (3), we get

_ kk,  [(fcosa+sinoym,g+k V],
| 1+ kl + k2 uzkuumainn -

At the second stage of the gear shifting (t > t)),
the kinematic gear ratio of the gearbox changes from
U, to U,. This process ends at time t, after the end of
slipping of the friction clutch FC,. The kinematic
scheme of the process is shown in Figure 5.

At this stage, the system shown in Figure 3 has
two degrees of freedom, the element position of
which is determined by two independent generalized
coordinates — the angles of rotation ¢,, of the input
shaft and @, of the output shaft. The rotation angle ¢,
of the crown gear b, corresponding to these coordi-
nates will be determined by the formula

Oy =0,0, =00, (7

where a,, o, are dimensionless parameters of the speed
gearbox,

.(6)

a ; 8
! K, > K, (®)
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Figure 5 — Kinematic diagram of the slipping process
of the friction clutch FC,: o, — angular velocity of slipping
of the crown gear rim b, of the 1st planetary gear set of the gearbox;
,, — angular velocity of the sun gear a,; V,, — circumferential sliding
speed of the crown gear relative to the clutch FC,; V,; — circumferential
speed of the satellite axis g;; V,, — circumferential speed of the sun gear

al
a,; M, — torque on the input shaft of the gearbox

The angular velocities of the motor shaft and

the input shaft of the gearbox are related by the ratio
0, =Iio,,. )

To determine the dependencies of angular velo-
cities on time ¢, = o,,(t) and ¢, = o (1), let us use
Lagrange equations of the second kind.

The Lagrange equations for generalized coordi-
nates ¢,,, ¢, have the form

d oT oT
————=0,.(10
dt 0p, o Co.> (10

e g 0w

dt a(bzzl a(Pal

a

where T is the kinetic energy of the system shown in
Figure 3; Q,.., Q,, are generalized forces correspon-
ding to generalized coordinates.
The kinetic energy of the system, taking into
account (9), is determined by the expression
1 22 2 1 2
T =2 (i), + 5 ).

2 (11)

The following moments are applied to the system:
M, is the electric motor torque; M, is the moment of
resistance to movement; M,, is the moment of friction
between the crown gear b, and the friction clutch FC,.

The generalized forces Q, , Q,, are found by calcu-
lating the sums of the works of the above moments at
the possible angular displacements do,,, 00,

Qq)ul:Mmi_(x‘]MfZ; Q%:aszz_Mr‘ (12)

After calculating the derivatives in equations (10)
of the system kinetic energy (11) and equating them
to the corresponding generalized forces (12), two dif-
ferential equations describing the process of changing
the gear ratio of the gearbox are obtained:

,do, do

Li 7 =M i-o,M,,; Itha =-M +a,M,(13)

The integration of equations (13) is performed
under the following initial conditions:

Viu_ . u Vu_.
t:tl:(’)a1(t1): I:am 1; (Da(t1): lrmam,(14)

where V, is the electric vehicle speed in the 1st gear
at the beginning of the second stage.

The moment of friction M,(t) in the friction clutch
FC, is assumed to increase in proportion to the time # in
accordance with expression (1). It is also assumed that
the motor torque varies according to a linear law
M0 = M) + 1) =

+k (t-1),(15)
U2 i12
where £k, is the rate of increase in the electric motor
torque, N-m/s; 1), is the efficiency of the 2nd gear.
After integrating the equations (13), taking into
account the initial conditions (14), we get

Vu_ .

(Da](t)z lb;malnu1+

(t_tl)z t2_t12 .
_(x'lku 2 N (16)

1=t
|

The slipping time t = t, of the rim of the crown
gear of the 1st gear set b, is found from the condition
that its angular velocity of rotation is equal to zero
®,, = 0, which, after differentiation by time t of ex-
pression (7), leads to the equation

0,0,() — 0,0,(1) = 0.

+1%[Mm(t1)i(t —t)+ ki
I

m

(Da (t) — I/l’:main +IL

w v

{—Mr(t—tl)+otzku

(17)

The calculation of the slipping time t, during
which the gear changes from the 1st to the 2nd, is
performed for the MAZ-4381EE electric truck with
the following parameters: gross vehicle weight
m, = 12,000 kg; kinematic parameters of the plane-
tary gear sets of the speed gearbox k, = k, = 2.74;
gear ratio of the single-reduction gear i = 2; gear
ratios of the gearbox u, = 3.74, u, = 2.16; gear ra-
tio of the main gear u_, = 3.2; coefficient of rol-
ling resistance /= 0.01; wheel radius », = 0.392 m;
frontal area of the vehicle F, = 7.94 m?; coefficient
of air resistance k, = 0.6 N-s?’m*; moment of inertia
of the electric motor rotor 7, = 0.5 kg'm?; reduced
moment of inertia of the translationally moving mass
and wheels of the electric vehicle /, = 181.3 kg-m?;
rated torque of the electric motor My,,, = 414 N-m;
friction clutch safety factor with static coefficient
of friction = 2; efficiency of power unit gear trains
N =My = Ny = MNygaiy = 0-98.

From the acceleration graph of the electric vehicle
(see Figure 2), it can be seen that when accelerating in
the 2nd gear, the acceleration is greater than in the 1st.
Therefore, it is advisable to shift gears from 1st to 2nd
at a speed V, =V, (see Figure 1). The value of this
speed is calculated by the formula

19
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_ norw
9.55iu,u

‘main

_3,000-0.392
9.55-2-2.16-3.2

=8.91 m/s,

1

where n, = 3,000 rpm is the rated motor speed.
The moment of resistance to movement is calcu-
lated by the expression (5) with a =0

B [0.01-12,000~9.81 + 0.6-7.94-8.912]'0.392 B
' 3.2:0.98
=1944 N-m.
The coefficient k, is found by the formulas (1),
2)forp=2
M, .. 414.2.2.274.0.98
ty 0.6
where t,,= 0.6 s is the duration of the friction moment
increase in the clutch.
The optimal overlap time is determined from (6)
__ 274274
142744274
[0.0112,000-9.81+0.6-7.94-8.912]-0.392
2.16-7,263-3.2-0.98
The value of the electric motor torque is obtained
from the formula (15) with t=t,
194.4
2:2.16-0.98°
The calculation by formulas (8) gives the values
of the parameters o, = 0.8631, o, = 1.8631.
After substituting the initial and calculated above
parameters into the equation (17), an equation is ob-

tained from which the slipping time t =t of the crown
gear of the Ist gear set of the gearbox is found:

(1647.6 - 0.5k,,)¢* —(49.21-0.0144k, )1 —
~(114.6 +1.04-10"k,,) = 0.

M

k, =

=17,263,

=0.0144s.

M (t)= =46.9 N'm.

(18)

As can be seen from the equation (18), the slip-
ping time depends on the rate of increase of the electric
motor torque k. Table 1 shows the results of calcula-
ting the t, value for various values of the coefficient
k,, as well as the values of the friction moment M,,(t,)
in the friction clutch FC, calculated by the formula (1).

For the value &, = 500 N-m/s, Table 2 shows
the values of the motor shaft rotation speed n, =9.55w,,
the motor torque M,,, the speed of the electric vehicle V
during the time interval (0, t,), calculated by the for-
mulas (9), (15), (16).

Figure 6 shows a graph of the change in the elec-
tric motor torque depending on the speed of the shaft
over a period of time (0, t,).

Multi-mass dynamic scheme (numerical calcula-
tion). The analytical calculation method discussed above
based on the two-mass dynamic model of the electric
vehicle power unit makes it possible to obtain a quali-
tative representation and a quantitative assessment of
the gearshift process characteristics. Since this simpli-
fied vehicle model does not take into account the elastic
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Table 1 — Calculated values of the slipping time t; of the 1st set
crown gear of the gearbox

ky, N-m/s 0 100 300 500
t,s 0.279 0.283 0.292 0.302
M, N-m 2,026 2,055 2,121 2,193

Table 2 — Changing in values of the rotation speed of the electric
motor shaft n_, the electric motor torque M, the electric vehicle
speed V during the 1st set crown gear slipping

t,s 0 0.0144 0.2 0.302
Ny, Ipm 5,193 5,193 4,335 3,125
M., N-m 27.1 46.9 139.7 190.7
V, m/s 8.91 8.91 9.06 9.28
MHMs N-m
450
400F = o nsm st . "
350 . -
300 S, --n2
250 Yeal
200 o
1sof NG Teeell
100
50
0 n, rpm
0 1000 2000 3000 4000 5000 6000 7000 8000 9000

Figure 6 — Graph of the change in the torque of the electric motor
depending on the speed of rotation of the shaft during the slipping
time of the 1st set gear (curve 1), the external characteristic
of the electric motor (curve 2)

properties of the transmission, for a more accurate des-
cription of the oscillatory dynamic processes occurring
in it, it is necessary to consider a multi-mass dynamic
model containing elastic elements.

Figure 7 shows a dynamic scheme of an electric
vehicle power unit consisting of six masses with mo-
ments of inertia /,—/;; two rigid differentials D, and D,
connecting masses /,, 1,, [, and /,, I, I,, respectively;
two elastic shafts with compliances E,; and E.; two
friction clutches FC,, FC,.

The process of changing the kinematic gear ratio
of the gearbox from u, to U, over a period of time (t,, t,)
is described by the following system of first order dif-
ferential equations in the normal Cauchy form:

o1
mI:I—(Mm—MI—MZ),

1

) 1
®, :I—(—klM, +M,,),
2
) 1
o, :1_((1+k1)M1 —k,M, + M),
3
_ 1 (19)
w4:I—((1+k2)M2—M45),
4
) 1 . 1
[QF :I_(M45_M56)’ 0‘)6:_(M56_Mr)’
5 6
M45=(D4_m5, W :cos—ooé’

56 E

45 56
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Figure 7 — Six-mass dynamic scheme of the electric vehicle power unit with the two-speed shaft-planetary gearbox:

1, — moment of inertia of the electric motor rotor, the single reduction gear and the input shaft of the gearbox, reduced to the input shaft; /, — moment
of inertia of the 1st planetary set crown gear with the driving discs of the clutch FC,; [, — moment of inertia of the 1st planetary set carrier with satellites
and the 2nd planetary set crown gear with the driving discs of the clutch FC|; 7, — moment of inertia of the 2nd planetary set gear carrier with satellites
and the output shaft of the gearbox with a flange; /; — moment of inertia of the car driving wheels, reduced to the output shaft; 7, — moment of inertia
of the translationally moving mass and the car driven wheels, reduced to the output shaft; £,; — torsional compliance of the cardan shaft and axle shafts,
reduced to the output shaft; £, — torsional compliance of the wheel tires of the driving axle, reduced to the output shaft; uy, =k, =-z,/z,,

Up, =—k, =—2,,/7,, — internal gear ratios of differentials D, and D, [10]; M, — torque of the electric motor, reduced to the input shaft; M, — moment
of resistance to the movement of the electric vehicle, reduced to the output shaft; M,,, M, — moments of friction in the friction clutches FC,, FC,

Table 3 — Parameters of the six-mass dynamic scheme: moments of inertia |, kg-m?, torsional compliances E;, rad/(N-m)

I I, I I,

[5 ]6 E45 E56

2.022 0.0507 0.0618 0.045

0.586 180.7 1.135-10* 1.485-10°°

where o, is the angular velocity of the j-th mass; M,, M,
are the internal moments acting in the first units a, and a,
of the rigid differentials D, and D, [10]; M,,, M. are the
elastic moments in shafts with compliances E,; and E..
The external moments acting on the system M, (t), M, (1),
M (V) are determined respectively by the expressions (15)
(taking into account the reduction shaft), (1) and (5) (with
V=04, /U,..); the moment M, (1) is assumed to be zero.

Numerical integration of differential equations (19)
was carried out by the Runge—Kutta method of the 4th or-
der in the Mathematica computer algebra system. The cal-
culated values of the parameters of the dynamic scheme
are shown in Table 3. The initial conditions at time t, were
set based on the assumption of uniform mass rotation
corresponding to the movement of the vehicle at a speed
V, =V,, (see Figure 1), and the torsion of elastic shafts
with moments equal in value M(V)).

Here are the comparative results of analytical
calculations for the two-mass dynamic model (see
Figure 3) and numerical calculations for the six-mass
dynamic scheme (see Figure 7).

Figure 8 shows graphs of the change in the angular
velocity of the crown gear b,, defined by the expression

-100+
Figure 8 — Angular slipping speed of the crown gear b,

(1) = o, (t) — a,0,,(t), and the angular velocity m,(t) of
mass /,. Figure 9 shows graphs of changes in the angular
velocities of the electric motor rotor ®,,(t), the translatio-
nally moving mass of the electric vehicle o (t) and the
corresponding masses /, and /, — »,(t) and w(t). Figure 10
shows graphs of the change in torque on the output shaft
of the gearbox M () = a,M,,(t) and elastic moments M (1),
M. (t) of shafts with compliances £, and E.

w, 571
280
260
240

220
200L|""" wy(1)

— wa1(7)

180 f [« = v cwg()uz, wel(tua
160 — e as R ——————
140

- 1, s
0.05 0.10 0.15 0.20 0.25 0.30
Figure 9 — Angular velocities of the electric motor rotor
and the translationally moving mass of the electric vehicle,
reduced to the gearbox input shaft

M, N-m
4000 — M,(r)
3000 | s M—"s(")
» == Msg(1)
2000 ¢
1000}
0 - : : : : - 1,5
0.00 0.05 0.10 0.15 0.20 0.25 0.30

Figure 10 — Torque on the gearbox output shaft and elastic
moments in the cardan shaft, axle shafts and tires
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The oscillatory nature of the change in angular ve-
locities and moments of the six-mass dynamic scheme
is associated with the presence of elastic links in it.
The introduction of additional masses /,—/, is neces-
sary to obtain the equations of motion of the elements
ofthe gearbox planetary gear sets, and the allocation of
a separate mass /; — to determine the elastic moments
in the transmission. The moment of resistance M, is
assumed to be variable depending on the speed of
the vehicle. Thus, it can be concluded that the results
of calculations performed for two-mass and six-mass
dynamic models are in good agreement.

The analytical calculation method using a two-mass
dynamic model makes it possible to obtain a fairly accu-
rate estimate of the characteristics of the gearshift pro-
cess (overlap time, slipping time of the engaged friction
clutch, change in the angular velocity of the motor shaft
and the speed of the electric vehicle in time), to select
the parameters of the laws of the motor torque change
and friction moments in the friction clutches. These cha-
racteristics are expressed in the form of dependencies
on the design and energy parameters of the electric
vehicle, its driving conditions. Numerical calculations
for the six-mass dynamic scheme make it possible to
clarify the laws of change in speed and power factors,
taking into account the oscillatory processes taking
place, to determine the load indicators of the trans-
mission and friction clutches, to evaluate and adjust
the operation of the power unit control system in tran-
sient driving modes.

Conclusion. A method is proposed for calculating
the load of electric vehicle gearboxes using dynamic
models of the electric vehicle power unit, on the ba-
sis of which analytical dependences are obtained by
means of Lagrange equations of the second kind to de-
termine the slipping time of the friction clutches of the
shaft-planetary gearbox.

The obtained analytical dependences of the gear-
shift process make it possible to optimize the control
processes of friction clutches, thereby reducing dyna-
mic loads in electric vehicle power units and increasing
their energy efficiency.

Shifting gears from low to high should occur
without interrupting the power flow with minimal
energy loss for slipping clutches and minimal dyna-
mic loads.

The analytical calculation method based on the
two-mass dynamic model of the electric vehicle power
unit makes it possible to get a qualitative representa-
tion and a quantitative estimate of the characteristics
of the gearshift process (overlap time, slipping time of
the engaged friction clutch, change in the angular ve-
locity of the motor shaft and the speed of the electric
vehicle in time), select the parameters of the laws

22

of change of the engine torque and friction moments
in the friction clutches. These characteristics are ex-
pressed in the form of dependencies on the design and
energy parameters of the electric vehicle, its driving
conditions. An example of calculating the gearshift
time from low to high is given for the MAZ-4381
delivery electric truck.

For a more accurate description of vibrational
dynamic processes in the transmission, taking into
account its elastic properties, a multi-mass dyna-
mic scheme is considered. Numerical calculations
for the six-mass dynamic scheme made it possible
to clarify the laws of change of velocity and force
factors, taking into account the oscillatory processes
taking place.
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