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The article proposes an approach to synthesize mathematical models of multispeed planetary transmissions
intended for numerical analysis of their dynamic characteristics under operating conditions that feature
splitting and circulation of power flows (including gear shifting processes). The approach makes use of ele-
ments with spring-damper properties to model both epicyclic gear sets and friction clutches. The resulting
system of ordinary differential equations has invariant structure and provides adequate calculation of the
torques exerted in the elements of the epicyclic gears and the friction clutches across the entire operating
range of the transmission. To verify the modeling approach, numerical experiments were conducted si-
mulating operation of a production planetary transmission. The simulation results are presented showing
transient operating modes with the friction clutches slipping and the power flows splitting and circulating.
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Introduction. Transmissions comprising epicyc-
lic gear sets have found a wide application in auto-
motive vehicles of different types and categories.
The decades of progress in the areas of transmis-
sion design and control systems have brought forth
mass-produced planetary transmissions having up to
10 speeds [1-3]. Such transmissions are characterized
by complex designs featuring several degrees of free-
dom, multiple friction clutches, and various connec-
tions between epicyclic gear sets. When considering
power paths, besides single-flow modes, planetary
transmissions can feature multiple flows result-
ing from power splitting and/or power circulation.
Mathematical modeling is one of the main tools to
design, study and enhance planetary transmissions;
it is used for analyzing transmission kinematics and
dynamics, designing control systems, and assessing
performance parameters of vehicles equipped with
such transmissions.

Analysis of the literature dedicated to design-
ing and studying mechanical transmissions, includ-
ing those of the planetary type, allows to highlight
the main methods employed for their modeling and
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simulation. One of the common approaches is to rep-
resent the vehicle and the transmission by one or two
lumped rotating masses [4, 5]. This technique is used
for evaluating the basic performance parameters of
the vehicle, such as fuel economy, the maximum speed
and acceleration, and the time to reach specific target
speeds [4]. Models with higher complexity, compris-
ing 3—5 masses or more, are used to analyze shifting
processes [6, 7], loads and torsional oscillations in
transmissions [8—11]. Besides lumped masses, these
models include spring-damper elements. One can also
find works that propose using the bond graph method
as a formalism to derive matrices of lumped para-
meters [11-13].

When modeling planetary transmissions, it
should be considered that in power circulation modes
they become redundant systems, which cannot be
modeled solely by inertial elements and gear ratios,
thus requiring using spring-damper elements as they
introduce additional degrees of freedom eliminating
the redundancy. Moreover, for correct simulation of
power splitting and power circulation modes, the mo-
del should calculate the actual torques exerted in all of
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the transmission branches including the elements of
each epicyclic gear set and each friction clutch. This
requirement rules out using models with equivalent
(i. e. reduced) lumped parameters of inertia and stiff-
ness, as these models calculate torques not “in situ”
but rather in the locations of the lumped elements.

Another key problem in simulating planetary
transmissions is how to model friction clutches.
The prevailing approach employs models that ap-
proximate the coefficient of friction by a function of
the slip speed and some additional variables such as
friction plate temperature and pressure. The choice of
the approximating method depends on the modeling
tasks and usually ranges from the Coulomb model
[7, 8] to the Karnopp model [11] and lookup tables
populated with experimental data [14]. The major
shortcoming of such approximations is a simplified
representation of the “stick—slip” transition, i. e. in
the form of switched discrete states. When the slip
direction changes, it triggers an instantaneous switch
in the friction torque sign, which, in turn, induces
a torque pulse that does not align with the actual phy-
sics of the clutch and, thus, compels one to resort to ad
hoc solutions to eliminate that adverse effect. In par-
ticular, in [14] the author introduces “necessary” and
“exerted” friction torques and establishes transitions
between these using a set of rules and “sensitivity”
functions.

When using a friction approximation with discrete
“stick—slip” transitions, one can synthesize the model
of the transmission either in a form of several systems
of differential equations each corresponding to a cer-
tain state of the clutches [9, 14], or as a single equa-
tion system with varying structure whose components
can be switched on and off by activation functions that
take values of 0 or 1 depending on the clutch states
[8, 9]. The complexity of such models increases sig-
nificantly with the number of gear ratios and the corre-
sponding clutch operating combinations, due to either
a considerable number of switched equation systems or
a bulky structure of the varying system.

The above analysis shows the relevancy of elabo-
rating an alternative approach to synthesize models of
planetary transmissions. The approach should enable
correct calculations of power splitting, power circula-
tion, and torques in the elements of the epicyclic gear
sets and the friction clutches, considering scenarios
where the clutches may slip, adhere, or change slip
directions. The model’s structure should be relatively
simple and remain invariant (i. e., constant) across all
operating combinations of the clutches.

The approach to simulate the main elements of
the transmission. To attain the formulated objective,
one should adopt appropriate methods to model two
types of transmission components, namely, epicyclic
gear sets and friction clutches. To meet the above re-

quirements regarding calculation of torques and pow-
er flows, the model of an epicyclic gear set should
be a self-contained entity assigned with a set of kine-
matic, torque, and design properties. This can be im-
plemented with an approach usually employed for
load analysis of mechanisms with differential con-
straints. The approach implies using a partial system
that characterizes an epicyclic gear set as a three-cle-
ment differential mechanism (TDM) with the planet
carrier having the spring-damper properties [8]. Be-
cause of the carrier’s compliance, a speed discrepancy
Awqp,, 1s introduced into the TDM kinematics making
the Willis equation’ [16] take the following form:

o, + ok
_(Db’
k+1

where £ is the design parameter of the TDM equal
to the ratio between the tooth numbers of the ring
gear and the sun gear; ® are the angular speeds of
the TDM elements. Here and below the variables as-
sociated with TDMs are assigned with indices a, b,
and ¢ designating the sun gear, the planet carrier, and
the ring gear respectively.

In response to the speed discrepancy, the planet
carrier exerts the torque defined by its spring-damper
properties:

(M
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where ¢, and d, are the coefficients of torsional stiff-
ness and damping. These can be identified using
the equivalence methods for partial systems [8] and
the transmission design data. When a frequency ana-
lysis of the transmission is not required, one can set
these parameters to values providing minimum speed
discrepancy Aw.,,, and full suppression of oscil-
lations.

With the carrier torque known, the torques of
the sun and the ring gears can be calculated as fol-
lows [16]:

_ T Tk
Ck+)T O (kD)

If the power losses are to be taken into account,
one can introduce either an efficiency parameter or
a drag torque into these expressions.

Using the kinematic discrepancy Awmqp, in
the equation (1) transforms the TDM model into
a system with three degrees of freedom, which al-
lows representing each element of the epicyclic gear
set as a rotating mass whose inertia is the actual
one defined by the transmission design. The motion
of the elements, driven by the torques acting upon
them, is described by differential equations of rota-
tional dynamics. In that way, each epicyclic gear set
of the transmission is simulated by a self-contained
model block having three kinematic inputs (i. e.

'This work uses the equations of speeds and torques for an epicyclic gear set having a negative speed ratio (when the planet carrier is
stopped) and consisting of the sun gear, ring gear, and the carrier with simple planet pinions.
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the angular velocities of the TDM elements) and
three torque outputs (the torques exerted in each of
the TDM elements).

The model of friction used as the root element
to simulate the transmission’s clutches should ade-
quately calculate “stick—slip” transitions and the in-
version of slip direction. The frequently used clutch
stick criterion based on reaching (or crossing) zero
slip is, generally, incorrect [9], as the clutch will only
adhere if the friction torque is sufficient to keep it en-
gaged under the applied external loads. Otherwise,
the clutch will not stick but rather change the direc-
tion of slippage. To reflect this in the model, one has
to derive the conditions of “stick—slip” transition from
a dedicated analysis of torque balance [9], which is
not a trivial task, especially for transient processes
and power circulation.

To eliminate the described problem, one can use
a friction model based on the spring-damper principle.
Its advantage is in “automatic” calculation of the torque
(with no need of a dedicated analysis) as a function
of kinematic variables whose values correspond to
the loads applied at the both ends of the spring-damp-
er element. Increasing the loads enlarges the kinema-
tic difference between the endpoints of the element,
which, in turn, increases its torque. If the element has
a limited torque capacity, reaching its maximum will
result in intensive growth of the kinematic difference,
indicating clutch slip. Below the torque limit, the ki-
nematic difference is low, which can be considered
as microslip or sticking. When external loads exceed
the torque limit of the friction link, slipping does not
stop after reaching zero but continues in an opposite
direction. A spring-damping link also allows for ade-
quate simulation when the friction element is a part of
a power circulation path. The similar principles under-
lie such models of friction as the Dahl model [17] and
the LuGre model [17, 18] named after its authoring
universities of Lund and Grenoble.

The LuGre model that was considered suitable for
this work has been adapted for its purposes by replac-
ing the friction force (as in the original model [18])
with the friction coefficient calculated for rotational
motion:

. |0)S“P| . ;
Z=0y, —0y————2; W, =0,2+0 7,
8 f,s((’)slip)
where o, is the angular slip speed; z is the friction

state variable; 6, and o, are the stiffness and damping
coefficients of the friction link (per unit normal load),
e (@g,) is a functional relation between the steady
slip speed and the friction coefficient; i, is the actual
friction coefficient (including transient slip modes).
Using p; (o;,) introduces a saturation effect prevent-
ing the actual (transient) friction coefficient from ex-
ceeding the steady-state values.

In the article [18], it is shown that the LuGre
model makes adequate calculations of “stick—slip”
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transitions including the accompanying hysteresis
effect. The model accuracy deteriorates for some pe-
culiarities of “stick—slip” transients; however, such
details make interest mostly for in-depth studies of
the friction physics. In the modeling tasks that pri-
oritize more general friction properties, these issues
have low relevancy.

Usually, planetary transmissions feature wet
multidisc clutches whose friction torque is calculated
as follows:

M= Fy peReng,

where £ is the clamping (normal) force; R; is the ef-
fective friction radius; n; is the number of the friction
plates. The drag torque can be taken into account by
an additional term.

A multidisc clutch is typically operated by an
electrohydraulic control system. The combination of
a hydraulic cylinder, a piston, and a return spring is
referred to as a booster. Assuming that the centrifu-
gal pressure within the booster is fully cancelled by
means of the compensation chamber, and neglecting
the dynamics of the piston mass as well as its con-
tact friction with the cylinder wall, one can calculate
the clamping force from the following equilibrium
equation:

Fy= pAp -F,

pr?

where p is the control pressure; 4 is the piston work-
ing area; 7, is the force exerted by the return spring.

When using the described approaches to synthe-
size the models of the TDMs and the friction elements,
one obtains a system of ordinary differential equations
whose structure remains unaffected by the states of
the clutches or the configuration of the epicyclic gear
sets (i. e. how their elements are currently connected
to one another or to the transmission casing). Thus, all
the states of the transmission, gearshifts included, are
modeled by a single invariant equation system, which
is capable of calculating the actual torques in all of
the transmission branches including those involved in
power splitting and circulation paths. Note that this
system is mostly composed of stiff differential equa-
tions, requiring the use of an implicit solver and a suf-
ficiently small time step for numerical integration.
However, the rapidity of gear shifting processes also
implies using small time steps making that require-
ment more a necessity than a drawback.

The studied transmission and its mathematical
model. To verify and validate the proposed modeling
approach, a numerical study was conducted simu-
lating a 9-speed production planetary transmission
intended for passenger vehicles [19]. Its schema-
tic is shown in Figure 1. The main components of
the transmission are four epicyclic gear sets (de-
signated as EGI-EG4) and six friction clutches
(designated as FC1-FC6).

In the transmission model, the components of
the epicyclic gear sets are represented by the iner-
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Figure 1 — Schematic of the studied planetary transmission [19]

tial elements J whose rotations, driven by the tor-
ques T, are described by the following differential
equations:

S0 =T + T, = Ties = T

Sy @y =Ty + Ty = Tiess

Tiiea @y =Ty + 1,5,

@, =T + Ty

Jaar®uis =T, + Ty + Ty @
Ji364@p300 =Ty + Ty + Ticy + Ties,

J s ®,y =Ty + Ticgs

2
Je3pa® oy =T+ T, — Z}thaﬂ,i'
i

The numerical indices of the variables correspond
to the numbers of the EGs and the FCs in Figure 1.
The elements shared between two EGs are assigned
with double indices; for instance, b,c, stands for the
element incorporating the planet carrier of EG1 and
the ring gear of EG2. The variables associated with
the transmission input shaft have “in” in their indices.

In the model, the torques at the epicyclic gears
and the clutches were calculated in accordance with
the approaches described in the previous section
without taking into account meshing and bearing
losses (as they had no relevance for the study at
hand). In the friction model, the p; (®;,) function was
derived from physical tests of a “paper-to-steel” wet
contact pair whose maximum friction coefficient re-
mained approximately 0.125 across most of the ope-
rating slip range.

The vehicle considered in the study has a transfer
case connected to the output of the planetary trans-
mission to distribute the torque between the shafts
propelling the front and the rear wheels. In the equa-
tions (2), the loading torques transmitted by these
shafts to the output of the planetary transmission are
denoted T, where i is the index of the shaft (1 for
the front one, and 2 for the rear).

To introduce the driving torque saturation im-
posed by tire adhesion, the model is augmented with
the wheel dynamics using the following equations
(one for each axle):

waw,i = Tshaft,in - (Rz,iutirc,i + Rz,ifroll,i)riﬁ

where J, is the inertia of the wheels (per axle); o, is
the wheel angular speed; 1, is the final drive ratio; R_,
is the wheel normal force; 7, is the wheel radius; p,.;
is the coefficient of tire adhesion; £, ; is the coeffi-
cient of rolling resistance; 7 is the axle index.

In the study, it is assumed that the vehicle moves
linearly along a horizontal surface. With these as-
sumptions, the equation of vehicle dynamics reads:

. _ 2 _
MyehVven = Zizl (Rz,i : Htire,i) Ev’

where m,, is the vehicle mass (3,500 kg in the simula-
tions described below); v, is the vehicle velocity, and
F is the air drag force.

In the simulations, the adhesion coefficient
was approximated by a non-linear function of the tire
slip, which was calculated from the velocities of
the vehicle v, and the wheels ®, [20]. The nor-
mal forces R_ were derived from the equilibrium of
the external moments applied to the vehicle [20].
Finally, the air drag force F, was approximated by
a quadratic function of the vehicle velocity [20].

Numerical analysis of dynamic processes
in the planetary transmission. The conducted nu-
merical experiment simulated the transmission ope-
rating in transient modes. To this effect, the simulation
commenced with the vehicle taking off, followed by
driving with the engine throttle set to its maximum.
Figure 2 shows the variables describing the operation
of the transmission during the take-off phase, namely,
the hydraulic pressure in the engaging clutch FC1 (a),
the friction coefficient (b) and the friction torque (c)
of FC1, the rpms (d) of the transmission input and
output shafts as well as the rpm of the rotating parts of
FC1. To make the rpm graphs look more illustrative,
the output rpms were “translated” to the input shaft by
multiplying them with the ratio of the first gear (u,),
which was engaged during the take-off.

The graphs show that, for most of its duration,
the engagement process of FC1 maintains the fric-
tion coefficient at its maximum value of 0.125.
As the slip speed diminishes, the external loads de-
crease leading to a proportional reduction of the fri-
ction torque. FC1 engages completely after 1 second.
Subsequently, the control pressure rises gradually up
to its maximum of 20 bars causing a significant drop
in the friction coefficient. In addition to using FCI,
the first gear employs FC2 and FC4 clutches, both
fully engaged. Power is transmitted as a single flow
from the input shaft to EG2 and further to EG1, EG3,
and EG4.

Figure 3 demonstrates the variables describing
the operation of the transmission in modes featuring
power circulation and splitting, namely, in the 4th and
Sth gears and in shifting between these. The graphs
show the vehicle velocity (a), the rpms of the input
and output shafts (b), the powers at the transmission
input and output (¢), the control pressures of the clu-
tches (d), and the powers at the elements of the epi-
cyclic gear sets (e—h).
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Figure 2 — Simulation results. Vehicle take-off
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The gear shifting process consists of two main
phases, namely, the torque phase and the inertia phase
[2, 6, 7]. In the torque phase, one of the current gear’s
clutches gradually disengages while one of the next
gear’s clutches simultaneously engages. This seam-
less transition changes the torque ratio of the transmis-
sion without interrupting the power flow. In the iner-
tia phase, the next gear’s clutch engages completely
thereby changing the kinematic ratio of the transmis-
sion. In the studied transmission, the 4th gear utilizes
clutches FC1, FC3, and FC6, while the 5th gear em-
ploys FC2, FC3, and FC6. Thus, shifting between these
gears involves overlapped switching of FC1 and FC2
clutches, which is clearly seen in the pressure graphs
(see Figure 3 d). As these two clutches are connected
to the elements of EG1 and EG2, their switching causes
a rearrangement of the power flows through the corre-
sponding gears evident in the graphs (see Figure 3 e, f)
between 1 and 2 seconds. Specifically, the sun gear of
EG1 ceases to transmit power, being braked by FC2,
while the planet carrier of EG2 begins transmitting
power as FCI clutch becomes unbraked.

Prior to conducting the simulations, all the gear
ratios of the studied transmission were identified by
both calculations, using the design parameters of
the epicyclic gear sets, and physical tests performed
on a test bench and a vehicle. Specifically, the ra-
tios of the 4th and 5th gears were identified as 1.511
and 1.205, respectively. The simulation results show
the same ratio values (with the error of less than
1 %) calculated for both speeds and torques® using
their magnitudes at the transmission input and output
shafts. This consistency allows the model to be con-
sidered generally valid.

With the meshing and bearing losses neglected,
the differences between the input and output powers
(see Figure 3 ¢) arise from inertial effects and from
power dissipation by the slipping clutches during
the gearshift. Upon transitioning to the Sth gear, these
powers become sufficiently close, allowing them to be
treated as equal in the subsequent power flow analysis.

The simulation results were used to derive and
visualize the power flows of the studied transmission
in the 5th gear. This gear is of particular interest as
it involves simultaneous power circulation, splitting,
and merging. A visualization of the power flows is
presented in Figure 4 showing the flow directions,
the circulation loops, and the nodes of power splitting
and merging. The numerical values of the powers in
the transmission branches are also shown expressed
as fractions of the input power. The magnitudes of
these fractions allowed rounding them to the first de-
cimal digit with almost no loss of precision.

The schematic reveals that in the 5th gear
the transmission has two power circulation loops.
Splitting of power flows occurs at the input and out-
put shafts, and at the node where FC3 clutch con-

»  Direction _'_ ;.“1.‘.2.1
+ Circulation ; i 5 i
X splitting X
O Merging !
0.2 0.2 0.8
In 1 Out

Figure 4 — Power flows within the planetary transmission
in the 5th gear

nects with the element incorporating the ring gear
of EG1 and the sun gear of EG3. 20 % of the in-
put power proceeds to the sun gear of EG2 and then
forms the circulation loop that passes through EG1
and EG2 gear sets. The remaining 80 % of the input
power, along with the power exiting from the FC3
node of the first circulation loop, form the second
circulation loop enveloping EG3 and EG4. The EG4
planet carrier, being a part of the second loop, trans-
mits the circulating power twice as high as that at
the input shaft. Merging of power flows occurs at
three nodes coinciding with the planet carriers of
EG2, EG3, and EG4.

Conclusions. The proposed approach allows syn-
thesizing a mathematical model of a planetary trans-
mission in the form of a system comprising ordinary
differential equations, as well as speed and torque re-
lations, whose structure is invariant for all of the trans-
mission states (i. e. states of the friction clutches).
Using the spring-damper principle to simulate both
epicyclic gear sets and friction clutches eliminates
the redundancy problem allowing for calculation of
actual torques in the transmission elements including
those involved in power circulation loops. The uti-
lized friction model constitutes a continuous dynamic
process, which allows simulating “stick—slip” transi-
tions and the inversion of slip direction with no need
of a dedicated torque analysis and avoiding instanta-
neous switching of clutch states.

The conducted simulation provided an insight
into the operation of the planetary transmission in
transient modes with the clutches slipping during the
take-off and the gearshift. The power flow analysis,
based on the simulation results, revealed the magni-
tudes of the powers passing through the transmission
branches, as well as the power circulation loops and
the nodes of power splitting and merging.
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BbIYUCJIUTENbHbIN AHANN3 AUHAMUYECKUX NMPOLLECCOB
B MHOIOCTYNEH4YATbIX NJIAHETAPHbIX TPAHCMUCCUAX
C PASAEJIEHNEM U LUPKYJIALUMENA NOTOKOB MOLLIHOCTU
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B cmamve npeonoscen nooxo0 K GopMuposanuo Mamemamuyeckux mMooenel MHO2OCMyneHuamlx nid-
HEMAapHbIX MPAHCMUCCUT, NO3BONAIOWUL YUCIEHHO UCCLe008aAMb NPOUCXO0SIMUE 8 HUX OUHAMUYECKUE
nPoOYeccyl 8 YCI08UAX pA30eNeHUs U YUPKYIAYUU MOWHOCIU, 8 MOM YUCILe NPU NEPEKTIOUEHUAX nepeoat.
1100x00 0CHOB8aH HA UCNONBL3OBAHUU YNPY2OOeMNPUPYIOWUX C853ell 0TIt MOOCTUPOBAHUS KAK NIAHEMAPHbIX
MEXAHU3MO08, MAK U PPUKYUOHHBIX d1eMeHmos. B pesynomame opmupyemces cucmema 0ObIKHOBEHHBIX



JIMHAMHKA, TIPOYHOCTH MAIIMH U KOHCTPYKIIHH

oughpepenyuanbHblx ypagHeHull ¢ NOCMOSHHOU CIPYKMYpPOoll, KOMopast A0eKeamHo Ompaicaenm Hazpys-
Ku, Oelicmeyiowie Ha 36eHbs NIAHEMAPHbIX MEeXAHUIMO8 U (QPUKYUOHHbLE JTIEMEHMbl, 80 6CeM pabouem
ouanaszone mpancmuccuu. PabomocnocobHocms u adek8amuoCcms NOIYUEHHOU MAaKUM 00pazom mooenu
UTIOCIMPUPYEMCsl ROCPEOCMEOM BbIYUCTUMEIbHO20 AHAIUZA PENCUMOE PAOOMbL NIAHEMAPHOU MPAHC-
mMuccuu ceputino2o npouszeoocmea. Ilpeocmasnenvl nokazamenu, Xapakmepusylouue QyHKYuOHUposanue
MPAHCMUCCUU 8 HEYCIMAHOBUBUUUXCSL PENCUMAX CO CKOTIbICEHUEM (DPUKYUOHHBIX ILEMEHMOB, C YUPKYIIAYU-

e upas()eﬂeﬁueM nOMOKO6 MOUHOCNU.
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